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a b s t r a c t
The purpose of this paper is to study the oscillation of the second-order neutral differential
equations of the form
a(t)[z ′(t)]γ ′ + q(t)xβ(σ (t)) = 0,
where z(t) = x(t) + p(t)x(τ (t)).We explore properties of given equations by examining
those of associated first-order delay equations. New comparison theorems essentially
simplify the examination of the equations studied as they allow us to deduce the oscillation
of the second-order delay differential equation by applying the oscillation criteria obtained
to the first-order delay equations. The results obtained are easy to verify.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
This paper is concerned with the oscillation behavior of the solutions of the second-order neutral differential equations
a(t)[z ′(t)]γ ′ + q(t)xβ(σ (t)) = 0, (E)
where z(t) = x(t)+ p(t)x(τ (t)). In the sequel, we will assume a, p, q, σ ∈ C([t0,∞)), τ ∈ C1([t0,∞)), and
(H1) γ , β are the ratios of two positive odd integers;
(H2) a, p, q are positive, 0 ≤ p(t) ≤ p0 <∞;
(H3) σ (t) ≤ t, σ (t) nondecreasing, limt→∞ τ(t) = ∞, limt→∞ σ(t) = ∞, τ ′(t) ≥ τ0 > 0 and τ ◦ σ = σ ◦ τ .
Throughout this paper we will assume that ∞
t0
a−1/α(s) ds = ∞. (1.1)
By a solution of Eq. (E)wemean a function x(t) ∈ C([Tx,∞)), Tx ≥ t0, which has the property r(t)[z ′(t)]γ ∈ C1([Tx,∞))
and satisfies (E) on [Tx,∞). We consider only those solutions x(t) of (E)which satisfy sup{|x(t)| : t ≥ T } > 0 for all T ≥ Tx.
We assume that (E) possesses such a solution. A solution of (E) is called oscillatory if it has arbitrarily large zeros on [Tx,∞)
and otherwise, it is said to be nonoscillatory. An equation is said to be oscillatory if all its solutions are oscillatory.
Since the second-order equations have applications in various problems of physics, biology, and economics, there is
constant interest in obtaining new sufficient conditions for the oscillation or nonoscillation of the solutions of varietal
types of the second-order equations; see, e.g., papers [1–24], where the delay equations are mainly studied under various
conditions.
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Grammatikopoulos et al. [10] have proved that 0 ≤ p(t) ≤ 1 together with ∞ q(s)(1 − p(s − σ)) ds = ∞ guarantees
the oscillation of the neutral equation
(x(t)+ p(t)x(t − τ))′′ + q(t)x(t − σ) = 0.
For the same equation, Erbe et al. [8] established the oscillation criterion that requires
q(t) ≥ q0 > 0, p1 ≤ p(t) ≤ p2, p(t) not eventually negative.
This result has been improved and generalized by other authors. We mention Grace and Lalli [9] who studied the
oscillation of
(r(t)[x(t)+ p(t)x(t − τ)]′)′ + q(t)f (x(t − σ)) = 0
under the conditions
f (x)
x
≥ k,
 ∞ ds
r(s)
= ∞,
and  ∞ 
ρ(s)q(s)(1− p(s− σ))− (ρ
′(s))2r(s− σ)
4kρ(s)

ds = ∞,
where ρ is an optional function.
Xu and Xia [17] established the oscillation of
(x(t)+ p(t)x(t − τ))′′ + q(t)f (x(t − σ)) = 0
provided that
0 ≤ p(t) <∞, q(t) ≥ M > 0.
Baculíková and Džurina [4] studied the neutral differential equation
(r(t)[x(t)+ p(t)x(τ (t))]′)′ + q(t)x(σ (t)) = 0.
They presented new oscillation criteria for the case where
0 ≤ p(t) ≤ p0 <∞ and τ ◦ σ = σ ◦ τ . (1.2)
Li and Han [21–23] considered the oscillation of the second-order neutral differential equation
(x(t)+ p(t)x(τ (t)))′′ + q(t)x(σ (t)) = 0
for the case where (1.2).
Liu and Bai [14], Xu and Meng [18,19] and Dong [20] investigated the oscillation of (E) for when
0 ≤ p(t) < 1.
In this paper we shall investigate the properties of delayed equations. We deal with sublinear, linear and superlinear
cases of (E). We shall provide new comparison theorems in which we compare the second-order Eq. (E)with the first-order
differential equations in the sense that the oscillation nature of these first-order equations yields the oscillation of (E). Our
technique permits us to eliminate some restrictions that are usually imposed on the coefficients of the neutral differential
equations studied.
Remark 1. All functional inequalities considered in this paper are assumed to hold eventually, that is, they are satisfied for
all t large enough.
Remark 2. Without loss of generality, we can deal just with the positive solutions of (E).
2. The main results
The following results are elementary but useful in what comes next.
Lemma 1. Assume A ≥ 0, B ≥ 0, β ≥ 1. Then
(A+ B)β ≤ 2β−1(Aβ + Bβ). (2.1)
Proof. Wemay assume that 0 < A < B. Consider a function g(u) = uβ . Since g ′′(u) > 0 for u > 0, function g(u) is convex,
that is,
g

A+ B
2

≤ g(A)+ g(B)
2
which implies (2.1). 
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Lemma 2. Assume A ≥ 0, B ≥ 0, 0 ≤ β ≤ 1. Then
(A+ B)β ≤ Aβ + Bβ . (2.2)
Proof. If A = 0 or B = 0, then (2.2) holds. For A ≠ 0, on setting x = B/A, condition (2.2) takes the form (1+ x)β ≤ 1+ xβ ,
which is for x > 0 evidently true. 
Now, we present the structure of the positive solutions of (E).
Lemma 3. If x is a positive solution of (E), then z(t) = x(t)+ p(t)x(τ (t)) satisfies
z(t) > 0, z ′(t) > 0, (r(t)(z ′(t))α)′ < 0, (2.3)
eventually.
Proof. Assume that x(t) > 0 is a solution of (E). Then (E) implies
(r(t)|z ′(t)|α−1z ′(t))′ = −q(t)x(σ (t)) < 0.
Therefore, r(t)|z ′(t)|α−1z ′(t) is decreasing and thus either z ′(t) > 0 or z ′(t) < 0 eventually, let say for t ≥ t1. If z ′(t) < 0,
then there exists a constant c such that
z ′(t) ≤ − c
a1/α(t)
< 0.
Integrating from t1 to t , one gets
z(t) ≤ z(t1)− c
 t
t1
a−1/α(s) ds →−∞ as t →∞.
This is a contradiction and we conclude that z ′(t) < 0. 
Since we are interested in the oscillatory nature of (E), we shall eliminate the case (2.3) to get the oscillation criteria
for (E).
To simplify our notation, let us define
Q (t) = min{q(t), q(τ (t))}, Q ∗(t) = Q (t)
 σ(t)
t1
a−1/γ (s) ds
β
, (2.4)
where t1 is large enough. At first we shall study the case where 0 < β ≤ 1.
Theorem 1. Let 0 < β ≤ 1. If the first-order delay neutral differential inequality
w(t)+ p0
β
τ0
w(τ(t))
′
+ Q ∗(t)wβ/γ (σ (t)) ≤ 0 (E1)
has no positive solution, then (E) is oscillatory.
Proof. Assume the converse; let x be a positive solution of (E). Then z(t) = x(t)+ p(t)x(τ (t)) satisfies
0 = (a(t)(z ′(t))γ )′ + q(t)xβ(σ (t)), (2.5)
which in view of (H2) and (H3) yields
0 = p0
β
τ ′(t)

a(τ (t))

z ′(τ (t))
γ ′ + p0βq(τ (t))xβ(σ (τ (t)))
≥ p0
β
τ0
(a(τ (t))[z ′(τ (t))]γ )′ + p0βq(τ (t))xβ(σ (τ (t))). (2.6)
Combining (2.5) and (2.6), we get
(r(t)(z ′(t))γ )′ + p0
β
τ0
(r(τ (t))(z ′(τ (t)))γ )′ + Q (t) xβ(σ (t))+ p0βq(τ (t))xβ(σ (τ (t))) ≤ 0. (2.7)
On the other hand, by Lemma 2, we have
zβ(σ (t)) = (x(σ (t))+ p(σ (t))x(τ (σ (t))))β ≤ xβ(σ (t))+ p0βxβ(σ (τ (t))), (2.8)
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where we have applied (H2) and (H3). Using (2.8) in (2.7), we have
a(t)(z ′(t))γ + p0
β
τ0
a(τ (t))(z ′(τ (t)))γ
′
+ Q (t)zβ(σ (t)) ≤ 0. (2.9)
It follows from Lemma 3 thatw(t) = a(t)(z ′(t))γ > 0 is decreasing and so
z(t) ≥
 t
t1
[a(s)(z ′(s))γ ]1/γ a−1/γ (s) ds ≥ w1/γ (t)
 t
t1
a−1/γ (s) ds. (2.10)
Therefore, using (2.10) in (2.9), we see thatw is a positive solution of
w(t)+ p0
β
τ0
w(τ(t))
′
+ Q (t)
 σ(t)
t1
a−1/γ (s) ds
β
wβ/γ (σ (t)) ≤ 0.
This contradicts properties of (E1) and the proof is complete. 
Now, we deduce new criteria for (E1) having no positive solutions to obtain new oscillation criteria for (E). We shall
discuss both cases when τ is a delayed or advanced argument.
Theorem 2. Let 0 < β ≤ 1 and τ(t) ≥ t. If the first-order delay differential equation
y′(t)+ τ
β/γ
0
(τ0 + pβ0 )β/γ
Q ∗(t)yβ/γ (σ (t)) = 0 (E2)
is oscillatory, then so is (E).
Proof. Weassume that x is a positive solution of (E). Then it follows from the proof of Theorem1 thatw(t) = r(t)(z ′(t))γ >
0 is decreasing and it satisfies (E1). We define
y(t) = w(t)+ p0
β
τ0
w(τ(t)). (2.11)
Then
y(t) ≤ w(t)

1+ p0
β
τ0

.
Substituting this into (E1), we see thatw is a positive solution of the delay differential inequality
y′(t)+ τ
β/γ
0
(τ0 + pβ0 )β/γ
Q ∗(t)yβ/γ (σ (t)) ≤ 0.
It follows from Theorem 1 in [21] that the associated delay differential equation (E2) also has a positive solution, which
contradicts the oscillatory nature of (E2). 
Theorem 3. Let 0 < β ≤ 1 and σ(t) ≤ τ(t) ≤ t. If the first-order delay differential equation
y′(t)+ τ
β/γ
0
(τ0 + pβ0 )β/γ
Q ∗(t)yβ/γ (τ−1(σ (t))) = 0 (E3)
is oscillatory, then so is (E).
Proof. We assume that x is a positive solution of (E). Then it follows from (2.11) that
y(t) ≤ w(τ(t))

1+ p0
β
τ0

or equivalently
wβ/γ (σ (t)) ≥ τ
β/γ
0
(τ0 + pβ0 )β/γ
yβ/γ (τ−1(σ (t))).
Using this in (E1), we see thatw is a positive solution of the delay differential inequality
y′(t)+ τ
β/γ
0
(τ0 + pβ0 )β/γ
Q ∗(t)yβ/γ (τ−1(σ (t))) ≤ 0.
By Theorem 1 in [21] the associated Eq. (E3) also has a positive solution. This is a contradiction. 
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Now, we derive a criterion for differential equations (E2) and (E3) to be oscillatory. Employing this criterion, we get, in
view of the theorems, easily verifiable sufficient conditions for the oscillation of (E).
Lemma 4. Let α ∈ (0, 1] be a quotient of two positive integers. Assume that R is a positive continuous function on (t0,∞). If
lim inf
t→∞
 t
σ(t)
R(s) ds >
1
e
, (2.12)
then the first-order delay differential equation
y′(t)+ R(t)yα(σ (t)) = 0 (E4)
is oscillatory.
Proof. Assume the converse, i.e., let y be a positive solution of (E4). First observe that (2.12) implies ∞
R(s) ds = ∞. (2.13)
Since y is decreasing, there exist limt→∞ y(t) = ℓ ≥ 0. If ℓ > 0, then integrating (E4) from t1 (large enough) to t , we obtain
y(t1) ≥
 t
t1
R(s)yα(σ (t)) ds ≥ ℓα
 t
t1
R(s) ds →∞ as t →∞.
This is a contradiction and we conclude that limt→∞ y(t) = 0 and also 0 < y(t) < 1, eventually. Therefore, yα(σ (t)) ≥
y(σ (t)). Substituting this into (E4), we deduce that y is a positive solution of the differential inequality
y′(t)+ R(t)y(σ (t)) ≤ 0, (E5)
but this contradicts Theorem 2.1.1 in [11], according to which condition (2.12) ensures that (E5) has no positive solution.
The proof is complete. 
Applying condition (2.12) to Eqs. (E2)and (E3), we in view of Theorems 2 and 3 immediately obtain the following
oscillatory criteria for (E).
Corollary 1. Let 0 < β ≤ 1, β ≤ γ , and τ(t) ≥ t. If
lim inf
t→∞
 t
σ(t)
Q ∗(s) ds >
(τ0 + pβ0 )β/γ
e τ β/γ0
, (2.14)
then (E) is oscillatory.
Corollary 2. Let 0 < β ≤ 1, β ≤ γ , and σ(t) ≤ τ(t) ≤ t. If
lim inf
t→∞
 t
τ−1[σ(t)]
Q ∗(s) ds >
(τ0 + pβ0 )β/γ
e τ β/γ0
, (2.15)
then (E) is oscillatory.
Example 1. Consider the second-order nonlinear differential equation
(t1/4[(x(t)+ 2x(αt))′]1/3)′ + b
t13/12
x1/3(λt) = 0 (2.16)
with α > 0, b > 0, and 0 < λ < 1.
First assume that α ≥ 1. It is easy to verify that
Q ∗(t) = b
(α t)13/12
[4(λ t)1/4 − c]1/3, c > 0.
It follows from Corollary 1 that Eq. (2.16) is oscillatory, provided that
b λ1/12
α1/12(α + 21/3) ln
1
λ
>
1
e 41/3
.
If the above inequality is violated and δ ∈ (0, 1/4) satisfies
δ1/3(1+ 2αδ)1/3(4δ − 1)+ 12bλδ/3 = 0,
then x(t) = tδ is one of the nonoscillatory solutions of Eq. (2.16).
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Now, assume that λ < α ≤ 1. In this case
Q ∗(t) = b
t13/12
[4(λ t)1/4 − c]1/3, c > 0.
Corollary 2 implies that Eq. (2.16) is oscillatory if
bα λ1/12
α + 21/3 ln
α
λ
>
1
e 41/3
.
Now, we turn our attention to the case where γ ≥ 1 and we rewrite our previous results to cover this case.
Theorem 4. Let β ≥ 1. If the first-order delay neutral differential inequality
w(t)+ p0
β
τ0
w(τ(t))
′
+ 21−βQ ∗(t)wβ/γ (σ (t)) ≤ 0 (E6)
has no positive solution, then (E) is oscillatory.
Proof. The result can be proved exactly as Theorem 1. We only replace the inequality (2.8) by
zβ(σ (t)) = (x(σ (t))+ p(σ (t))x(τ (σ (t))))β ≤ 2β−1[xβ(σ (t))+ p0βxβ(σ (τ (t)))], (2.17)
which follows from Lemma 1. 
The following results are equivalent to Theorems 2 and 3. Since they are obvious, their proofs are omitted.
Theorem 5. Let β ≥ 1 and τ(t) ≥ t. If the first-order delay differential equation
y′(t)+ τ
β/γ
0
(τ0 + pβ0 )β/γ
21−β Q ∗(t)yβ/γ (σ (t)) = 0 (E7)
is oscillatory, then so is (E).
Theorem 6. Let β ≥ 1 and σ(t) ≤ τ(t) ≤ t. If the first-order delay differential equation
y′(t)+ τ
β/γ
0
(τ0 + pβ0 )β/γ
21−β Q ∗(t)yβ/γ (τ−1(σ (t))) = 0 (E8)
is oscillatory, then so is (E).
Combining Lemma 4 with Theorems 5 and 6, we achieve the following oscillatory criteria for (E).
Corollary 3. Let γ ≥ β ≥ 1 and τ(t) ≥ t. If
lim inf
t→∞
 t
σ(t)
Q ∗(s) ds > 2β−1
(τ0 + pβ0 )β/γ
e τ β/γ0
, (2.18)
then (E) is oscillatory.
Corollary 4. Let γ ≥ β ≥ 1 and σ(t) ≤ τ(t) ≤ t. If
lim inf
t→∞
 t
τ−1[σ(t)]
Q ∗(s) ds > 2β−1
(τ0 + pβ0 )β/γ
e τ β/γ0
, (2.19)
then (E) is oscillatory.
Example 2. Consider the second-order nonlinear differential equation
t2

(x(t)+ (3+ sin t)x(αt))′3′ + b
t16/9
x7/3(λt) = 0 (2.20)
with α > 0, b > 0, and 0 < λ < 1.
First assume that α ≥ 1. Since
Q ∗(t) = b
(α t)16/9
[3(λ t)1/3 − c]7/3, c > 0,
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Corollary 3 guarantees that Eq. (2.20) is oscillatory, provided that
b λ7/9
α(α + 47/3)7/9 ln
1
λ
>
24/3
e 37/3
.
Now, assume that λ < α ≤ 1. One can easily verify that
Q ∗(t) = b
t16/9
[3(λ t)1/3 − c]7/3, c > 0,
and Corollary 4 ensures that Eq. (2.16) is oscillatory if
b (αλ)7/9
(α + 47/3)7/9 ln
α
λ
>
24/3
e 37/3
.
3. Summary
In this paper, we have introduced some new comparison theorems for the investigation of the oscillation of (E). Our
technique permits us to relax some restrictions usually imposed on the coefficients of (E). The results obtained are easy to
apply. The established comparison principles reduce studying oscillation of the second-order neutral equations to studying
the oscillatory character of the first-order differential inequalities and equations. Our method essentially simplifies the
examination of the second-order equations and, what is more, it supports, going backward, the research on the first-order
delay differential equations. The better the oscillation criteria for the first-order equations, themore superior the oscillatory
results for the second-order equations.
It remains an open problem to establish criteria for the oscillation of (E4) provided that α > 1. Such oscillatory results
would allow us, going backward, to obtain the oscillation of (E) also for β ≥ γ . Another open problem is how to provide
the oscillation of (E) under the condition τ(t) ≤ σ(t) ≤ t , which is opposite to that we have used in Theorems 3 and 6 and
Corollaries 2 and 4.
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